Exercise /.2
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(ii)

(iii)

The height of a binary tree with n nodes is log, n. Consider a root-to-leaf path, which

: . 1
m®gt have length (log, n) — 1. Now, assume this path visits fewer than logg n = 12222
2
blocks&his would imply that, at some point on the path, there exists a sub-path (say
Vq, Vg, ..., Ba—1, Vm) Where more than log, B nodes are in the same block. Then, we bfive

that the subtie of size B rooted in v, (which has height log, B) must contain ajg€ast one
node which is nOgpart of the same block. But that implies that any root-tol#4at path going
through that node Would use fewer than log, B nodes from some blodgfgiven that blocks
cannot be re-entered)NGiven that the same reasoning can also be g#plied to any paths
going through this node, e can then conclude that there musig€xist at least one path
where fewer than log, B veNices from a block are used opg#verage. This suggests that the

logo, n .
log, B (which proves the

number of blocks on that path rst be greater than lg€z n =

claim).
a. Honestly, | am not convinced at ™his poip#:
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me that the condition in (i) is not met; that is, we have that the nodes in at T@gst one
block do not form a connected component. Then, we can modify the blocking as follGws:

> D

Attempt 2

(i)

(ii)

We only use the implication of the given property: whenever a root-to-leaf path leaves a
block, it will not re-enter that block. (Although this is not necessary for this part of the
exercise, limiting ourselves to this assumption simplifies the proof for the second question.)
We prove by induction that, if the blocking strategy is such that this condition is met, then

there is always a root-to-leaf path which visits at least %logBH n blocks. Note that this
_ 1 loggn __
2logg B+1

suffices to prove that any path visits L(logg n) blocks, since %logBH n

Q(logg n).
Base case (n < B)

: . 1
In this case, we have that we must visit at least one block, whereas > loggy1n =

1 loggn . 1 .
- < < < -
2 logp BHL = 1 (given thatloggn < 1 forn < B, and ZTogp 511 < 1). Hence, the claim

holds.
Inductive step (n > B)

In this case, we start by considering that every path from the root to a leaf must at least
visit the block which contains the root. Furthermore, we have that there are n — B nodes
outside this block, and these are split over (at most) B + 1 subtrees (since there are B
nodes in the block containing the root, and the number of edges connecting these nodes
to a node outside the block is at most B 4+ 1). This means that, on average, these subtrees

have % nodes. If the subtrees contain at least this many nodes on average, then there

must also be at least one subtree which contains this many nodes. We now consider the

paths going to a leaf in this subtree. By the induction hypothesis, at least one of these

paths must visit at least %logBH (%) blocks, plus one additional block to account for

the block containing the root node of the tree. Thus, at least one of these paths visits at

1 -B 1 1
least 1 +10g.41 (’;—H) =1+ (logp+1(n— B) —logpe1 (B + 1)) = 1+ (logpy(n —

1,1 1 1

B) —1) =2 +loggy1(n — B) =7 (logg1(n — B) + 1) =~ (logp41(n — B) +
1 1

logp11(B + 1)) = Jlogg41((n — B)(B + 1)) = Zlogp.1(nB - B*>+n—B) =

%logBH n, where the last step holds because of the following:

o nand B are both integers,and n > B,sowe haven > B + 1
o Then,nB>(B+1)B=B*+B
o Hence,wehavenB —B?—B>B*+B—-B*—B=0
o Thus,nB—B%2+n—B >n.
This proves the claim.

Hence, it must be the case that for a blocking strategy which meets the condition laid out
at the top, there is always a root-to-leaf path which visits at least (logg 1) blocks.

To see why there must be a root-to-leaf path that visits Q(logg n) blocks for any blocking
strategy, we consider that any blocking strategy which does not satisfy the property used
in the proof of the first question must have the following:

There must be nodes u, v, and w, such that v is a child u, w is a descendant of v, u

and w are in the same block, and v is not in the same block as u and w.
We note that, in this situation, it is possible to swap the nodes v and w; that is, we can
add node w to the block v was in, while adding node v to the block w was in. This does
not increase the number of blocks visited by any root-to-leaf path going through u, as, in
the new situation, we have that paths going through u, v and w (or which do not visit
either of v and w) visit an equal number of blocks, whereas paths not going through v
might visit fewer (but not more) blocks. Furthermore, performing this swap leads to a
blocking strategy which is closer to one satisfying the property from the first question.
Hence, it is always possible to transform a grouping of nodes into blocks to one satisfying
the property from the first question without increasing the number of blocks on any root-
to-leaf path, and hence, the number of visited blocks on any root-to-leaf path in a blocking
strategy which does not satisfy the property must be at least as large as the number of
visited blocks in a blocking strategy which does satisfy the property (i.e. Q(logg n)). This
implies that any blocking strategy must have a root-to-leaf path which visists at least
Q(logg n) blocks.



