Exercise 9.5

zaterdag 14 oktober 2023 16:19

First pass Proof of probability of storage

Input: a stream of length m in the vanilla model. If both the items low and high have a rank

at most \/m from the median, then the

Initialize: number of items which need to be stored in
forj = 1to ky/m do the third pass is at most 2/m = 0(y/m)
pos;j « random(1,m) (and storing such items can be done in
end for 0 (v/mlog(n)) bits). It remains to be shown
that the probability of the items being
Process(a;): picked in such a way can be made at least
forj = 1to kym do 0.95.
if pos; = i then
sample; = a; To this end, let X; denote an indicator
end for random variable defined as follows:
* X; = lifthereisthe j'* sample
Output:

picked in the first pass has rank at

The samples need to be kept.
P P least [mTH] and at most [mTH] +

k\/m;

Second pass e X; = 0 otherwise.

Input: the same stream of length m in the vanilla model.

We have that Pr[Xj = 1] = ‘% = \/ia, as the
Initialize: random variable will have value 1 if and only
forj = 1to kym do if one of the \/m out of m options which
rank; < 0 fall in the bound are chosen; due to
end for uniform randomness of the choice, each

option then has an equal chance of % =

Process(a;): 1
for j = 1to ky/m do ﬁto be chosen.
if sample; < a; then
rank; « rank; + 1 Now, we have that at least one of the ky/m
end for samples is within \/m from the median
(and at least as large as the median) if and lternatively, consider the Markov
Output: only if X; = 1 for at least one j. Stated ingquality. Define a random variable X =
If any of the items have rank lm;rll or [m;rl], return them as the median; otherwise, the ranks of differently, the probability of at least one 2,j A Then, E[)i] - E[ZJ' X{(] P

sample complying with our demands is
Pr[at least one complies] = 1 —
Pr[none comply] = 1 —

each sampled position need to be kept.

Third pass (Pr[one does not comply])#samples — 1 — ] S% =k
Input: the same stream of length m in the vanilla model. (1 — Pr[one complies])* samples = 1 — k
1 \kvm
L (1-=)

Initialize: vm _

Select the sampled items which are closest to the median, from each side. By Slynzlr?e‘trgé t.het;ame rgaf)(')lr'léngthcatn be

That is, let rank_low <« max,, . m+1|\ rank;. applied to obtain the probabiiity that we

- (1sjskym) /\(rankjsl > 1J) J have one sample at most the median, with
_ _ rank at most /m below the median.

And let rank_high « mln(lsjskm) A(ranka[mg-ll) rankj.
l be simpl : el

Let low be the (unique) item with rank rank_low. 19_ 1eleab1.lity, as-obtained-trom-the- Markes
ineguality

Let high be the (unique) item with rank rank_high. Thus. Lo l 1 Let us use the inequality suggested

Let S be a 2Prlatteast-onecompliest =095 in the exercise. Then, we obtain

et bealist Pr[at least one complies] = 1 —

1+ —2/ =095 kvm k

Process(a;): L 695 > 2 (1 — \/im) >1-— G) :

If low < a; < high 0.05 = o)

Append a; to S 0.025 > &

Output: We desire to have that the probability that

Sort the list S using a sorting algorithm (preferably one which uses a low amount of storage). at least one item is appropriate (on each

Go over the items in S, and pick one of the items with rank lmTH or [mTH (note: there can be side of the median) is at least 0.95. Thus, we

either one or two such items). For this, it is useful to note that the first item in S will have rank need:

rank_low + 1.
Return the picked item.

Prl[at least one item at most the median has rank less than y'm from the median]
- Prlat least one item at least the median has rank less than v/m from the median] > 0.95

- 2 >
Proof of correctness Pr[at least one complies]* = 0.95

Arguably somewhat informal
1—(1——
Jym

Using the inequality in the exercise, we obtain

The answer returned here is correct because of the following: in the third pass, we simply go = 0.95

1 )"m 2
over all elements between the two elements which are closest (from each side) to the median.

Then, we return as median an item which has appropriate rank (i.e. lmTHJ or [mTH]), which can

be accurately determine because the second pass has given us the rank of the items closest to N N
the median. <1 — (1 — \/_m) > >1 - (E) , and hence, we need
1
Proof of storage use 1-(5) 2095
The first pass, as described on the right, needs to sample approximately 4.32y/mlogn = 1
0(v/mlogn) samples; the random numbers which need to be stored only add a constant 0.05 > <_>
factor to this term. %k
The second pass stores one number (a rank), which is at most log n bits. This is clearly doable 0.05=2
in the allotted amount of storage. log, 0.05 = —k
The third pass stores, under the situation for which the probability was bounded in pass Hence., we take. k= - logz 0.05 = 4.32 _
one, at most 2+/m items in the list S. This also fits in the allowed amount of storage. Thus, it is possible with probability at least 0.95 to use at most 4.32y/mlogn = 0(y/mlogn) bits
of storage to store the items in between low and high, and from these items, the median can be
Hence, the total algorithm uses at most O (y/mlogn) bits of storage with probability at exactly determined.

least 0.95. (Note that the algorithm always comes to an exact solution; however, in the worst
case (with extremely low probability) it might need to store all items in the third pass.)



